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1 Linear Algebra
v⃗ + w⃗ = (v1 + w1)̂ı+ (v2 + w2)ȷ̂+ (v3 + w3)k̂
v⃗ · w⃗ = v1w1 + v2w2 + v3w3 = |v⃗||w⃗| cos θ
v⃗ · w⃗⊥v⃗ = 0
v⃗ × w⃗ = (v2w3 − v3w2)̂ı− (v1w3 − v3w1)ȷ̂+ (v1w2 − v2w1)k̂

v⃗ × w⃗ = det

 ı̂ ȷ̂ k̂
v1 v2 v3
w1 w2 w3

 = −(w⃗ × v⃗)

v⃗ × (w⃗ ∥ v⃗) = 0 |v⃗ × w⃗| = |v⃗||w⃗| sin θ
u⃗ = v⃗

|v⃗| ı̂× ȷ̂ = k̂ ȷ̂× k̂ = ı̂ k̂ × ı̂ = ȷ̂

|v⃗| =
√
v21 + v22 + v23

v⃗ ∥ w⃗ ⇒ w⃗ = λv⃗

M =

[
m11 m12

m21 m22

]
M−1 = 1

detM

[
m22 −m12

−m21 m11

]
detM = m11m22 −m12m21

1.1 Projections (v⃗ onto w⃗)
(v⃗ ∥ ŵ): Scalar: v′ = |v⃗| cos θ Vector: v⃗′ = v′ŵ = v⃗ · w⃗

|w⃗|
(v⃗ ⊥ ŵ): Rejection: v⃗′′ = v⃗ − v⃗′

1.2 Plane with Normal n⃗ and Point P 0

n⃗ = aı̂+ bȷ̂+ ck̂ P0 = (x0, y0, z0)
a(x− x0) + b(y − y0) + c(z − z0) = 0 ⇒ ax0 + by0 + cz0 = d
ax+ by + cz = d

1.3 Plane Passing Through 3 Points, ∠RPQ

P = (p1, p2, p3) Q = (q1, q2, q3) R = (r1, r2, r3)−−→
PQ = ⟨q1−p1, q2−p2, q3−p3⟩

−→
PR = ⟨r1−p1, r2−p2, r3−p3⟩

−−→
PQ×

−→
PR = aı̂+ bȷ̂+ ck̂ ⇒ a(x−x0)+ b(y− y0)+ c(z− z0) = 0

with x0, y0, z0 from P , Q, or R

2 Differential Equations
dy
dx = x → y = 1

2x
2 + C

dP
dt = kP → P = P0e

kt k ∈ R
dT
dt = k(T0 − TE) → T = (T0 − TE)e

kt + TE

Product rule: h(x) = f(x)g(x) → h′(x) = f ′(x)g(x) + f(x)g′(x)

Quotient rule: h(x) = f(x)
g(x) → h′(x) = f ′(x)g(x)−f(x)g′(x)

(g(x))2

Chain rule: h(x) = f(g(x)) → h′(x) = f ′(g(x)) · g′(x)
Equivalently: dz

dx = dz
dy · dy

dx

Separation of variables: dy
dx = f(x) · g(y) → 1

g(y) dy = f(x)dx

2.1 Identities
d
dxe

f(x) = f ′(x)ef(x) d
dx ln f(x) = f ′(x)

f(x)
d
dxa

x = ax ln a d
dx loga x = 1

x ln a x > 0

2.2 Partial Differential Equations: f(x, y, z)
Grad: ∇f = ∂f

∂x ı̂+
∂f
∂y ȷ̂+

∂f
∂z k̂ ∇v⃗f = v⃗ · ∇f

Div: ∇ · f = ∂fx
∂x +

∂fy
∂y + ∂fz

∂z

Curl: ∇× f = det

 ı̂ ȷ̂ k̂
∂
∂x

∂
∂y

∂
∂z

fx fy fz


Chain rule: z ≡ f(x(t), y(t)) : dz

dt = ∂z
∂x

dx
dt + ∂z

∂y
dy
dt

z ≡ f(x1(t1, . . . , tm), . . . , xn(t1, . . . , tm)) :
∂z
∂ti

= ∂z
∂x1

∂xi

∂ti
+ · · ·+ ∂z

∂xn

∂xn

∂ti

3 Integration
By parts:

�
u dv = uv −

�
v du

or:
�
u
(
dv
dx

)
dx = uv −

�
v
(
du
dx

)
dx

Substitution rule:
�
f(u)u′ dx =

�
f(u) du

Integrating factor given linear D. E., dy
dt + P (t)y = Q(t):

µ(t) = e
�
P (t) dt

�
d
dt (µ(t) · y) dt =

�
µ(t)Q(t) dt

3.1 Identities
�
ex dx = ex

�
e−x dx = −e−x

�
eax dx = 1

a
eax

�
ax dx = ax

ln a

3.2 Applications

Disk, ⟲x: V = π
� b

a
[f(x)]2dx

AS = 2π
� b

a
f(x)

√
1 + [f ′(x)]2 dx

Washer, ⟲x: V = π
� b

a
[f(x)]2 − [g(x)]2 dx

Shell, ⟲x: V = 2π
� d

c
yg(y) dy

Shell, ⟲y: V = 2π
� b

a
xf(x) dx

ℓa =
� P2

P1

√
1 + [f ′(x)]

2
dx

x = f(t), y = g(t) → ℓa =
� P2

P1

√(
dx
dt

)2
+
(

dy
dt

)2
dt

AS =
�

S

√(
∂f
∂x

)2
+
(

∂f
∂y

)2
+ 1 dxdy

3.3 Partial Fractions: f(x) = P (x)/Q(x)

Q(x) : (ax+b)k →
k∑

i=1

Ai

(ax+b)i (ax2+bx+c)k →
k∑

i=1

Aix+Bi

(ax2+bx+c)i

3.4 Line Integral
Line integral:

F⃗ = ⟨F1 ı̂, F2ȷ̂, F3k̂⟩ r⃗ = ⟨xı̂, yȷ̂, zk̂⟩
�

C

F⃗ · dr⃗ =
P2�

P1

F⃗ (r⃗(t)) · r⃗′ dt =
�

C

(F1dx+ F2dy + F3dz)

Conservative field, endpoints P1, P2:

F⃗ = ∇f
�

C

F⃗ · dr⃗ =
P2�

P1

∇f · dr = f(P2)− f(P1)

∴
�

Cn

F⃗ · dr⃗ =
�

Cm̸=n

F⃗ · dr⃗

Flux integral: Φ =
�

S

F⃗ · n̂ dS

Divergence theorem:


S

F⃗ · n̂ dS =
�

V

(∇ · F⃗ ) dV

Green’s theorem:
F⃗ (x, y) = P (x, y)̂ı+Q(x, y)ȷ̂
�

C

F⃗ · dr⃗ =
�

R

(
∂Q
∂x − ∂P

∂y

)
dA

Stokes’ theorem:
�

C

F⃗ · dr⃗ =
�

S

(∇× F⃗ ) dS

4 Series

Arithmetic:
n−1∑
k=0

a+ kd = n
2 (2a+ (n− 1)d)

Geometric:
n−1∑
k=0

ark = a
(

rn−1
r−1

)
5 Statistics

x̄ =
∑

xi

n µ =
∑

xi

N s =
√∑

(xi−x̄)2

n−1 σ =

√∑
(xi−µ)2

N

rxy = 1
n−1

∑ xi−x̄
sx

yi−ȳ
sy

Sample geometric mean: n
√∏

xi Sample RMS:
√∑

x2
i

n

5.1 Binomials

(a+ b)n =
n∑

k=0

(
n
k

)
akbn−k

(
n
k

)
= n!

k!(n−k)!

n ∈ N k ∈ N∗ k ≤ n
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5.2 Probability and Combinatorics
P(A∨B) = P(A)+P(B) P(A∪B) = P(A)+P(B)−P(A∩B)
P(A∧B) = P(A)P(B) P(A∩B) = P(A|B)P(B) = P(B|A)P(A)

P(A|B) = P(A∩B)
P(B) = P(B|A)P(A)

P(B) = P(B|A)P(A)
P(B|A)P(A)+P(B|¬A)P(¬A)

Binomial distribution: k successes, n trials, success probability P:
B(k;n,P) =

(
n
k

)
Pk(1− P)n−k

nPk = nk (repetition) nPk = n!
(n−k)! (no repetition)

nCk = (n+k−1)!
k!(n−1)! (repetition) nCk = n!

k!(n−k)! (no repetition)
Multisets: nPr(n;n1, n2, . . . , nk) =

n!
n1!n2!···nk!

Derangement: !n = n!
n∑

i=0

(−1)i

i! n ≥ 0

5.3 t-Statistic
One sample: t = x̄−µ

s/
√
n

Paired samples:

t =
∑

(x1−x′
1)

n

[∑
(x1−x′

1)
2− [

∑
(x1−x′

1)]2

n

n(n−1)

]−1/2

Independent samples:

t = (µA−µB)

[(∑
(A2)− (

∑
A)2

nA
+
∑

(B2)− (
∑

B)2

nB

nA+nB−2

)(
1
nA

+ 1
nB

)]−1/2

5.4 Statistical Tests for Comparing Means
s21
s22

> F.INV.RT (α, ν1, ν2) ⇒ significant

sm ∼ sn : t = |x̄1−x̄2|
spooled

√
n1n2

n1+n2
spooled =

√
s21ν1+s22ν2

ν1+ν2

sm ≁ sn : t = x̄1−x̄2√
s21/n1+s22/n2

ν′ =
[s21/n1+s22/n2]

2

(s21/n1)2/ν1+(s22/n2)2/ν2
t > T.INV.2T(α, ν′) ⇒ significant

6 Geometry
Aparallelogram = bh Atriangle = 0.5bh
Atrapezoid = 0.5(a+ b)h Acircle = πr2

Vcube = s3 As, cube = 6s2

Vsphere =
4
3πr

3 As, sphere = 4πr2

V rec. prism = ℓ1ℓ2h As, rec. prism = 2(ℓ1ℓ2 + ℓ1h + ℓ2h)
V cylinder = πr2h As, cylinder = 2πrh + 2πr2

Vrt. circ. cone =
πr2h
3 As, rt. circ. cone = πr

√
r2 + h2

Vpyramid = ℓ1ℓ2h
3

As, pyramid = ℓ1ℓ2 + ℓ1

√(
ℓ2
2

)2
+ h2 + ℓ2

√(
ℓ1
2

)2
+ h2

7 Trigonometric Identities
sin θ = csc−1 θ cos θ = sec−1 θ tan θ = cot−1 θ
co-function(π2 − θ) = function(θ)
sin(u± v) = sinu cos v ± cosu sin v
cos(u± v) = cosu cos v ∓ sinu sin v
tan(u± v) = tanu±tan v

1∓tanu tan v
sin(2θ) = 2 sin θ cos θ
cos(2θ) = cos2 θ − sin2 θ = 2 cos2 θ − 1 = 1− 2 sin2 θ
tan(2θ) = 2 tan θ

1−tan2 θ

sin2 θ = 1−cos 2θ
2 cos2 θ = 1+cos 2θ

2 tan2 θ = 1−cos 2θ
1+cos 2θ

sinu+ sin v = 2 sin u+v
2 cos u−v

2
sinu− sin v = 2 cos u+v

2 sin u−v
2

cosu+ cos v = 2 cos u+v
2 cos u−v

2
cosu− cos v = −2 sin u+v

2 sin u−v
2

sinu sin v = cos(u−v)−cos(u+v)
2

cosu cos v = cos(u−v)+cos(u+v)
2

sinu cos v = sin(u+v)+sin(u−v)
2

cosu sin v = sin(u+v)−sin(u−v)
2

cos2 θ + sin2 θ = 1 eıπ + 1 = 0 eıx = cosx+ ı sinx
cosx = eıx+e−ıx

2 sinx = eıx−e−ıx

2

8 Fourier and Laplace Transforms

Fg(t) = ĝ(f) =
∞�

−∞
g(t)e−2πıft dt

F−1ĝ(f) = g(t) =
∞�

−∞
ĝ(f)e2πıft df

f(t) ∼ A0 +
∞∑

n=1

[
An cos

(
n 2πt

T

)
+Bn sin

(
n 2πt

T

)]
A0 = 1

T

T/2�

−T/2

f(t) dt

An = 2
T

T/2�

−T/2

f(t) cos
(
n2πt
T

)
dt Bn = 2

T

T/2�

−T/2

f(t) sin
(
n2πt
T

)
dt

f(t) =
∞∑

n=−∞
cne

−n2πıt
T cn = 1

T

T/2�

−T/2

f(t)e
−n2πıt

T dt n ∈ Z

Lg(t) = G(s) =
�∞
o

g(t)e−st dt s = σ + ıω 0 < t < ∞
L−1G(s) = g(t) = 1

2πı

� σ+ı∞
σ−ı∞ G(s)est ds
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